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The running coupling constants are introduced in Quantum Mechanics and their evolution is described by the 
help of the renormalization group equation. 



1. INTRODUCTION 

The typical trajectories of the path integral for 
a free nonrelativistic particle are nowhere differ- 
entiable Q. In fact, the dominant contributions 
to the amplitude 



(1) 



Axk — Xk+i — Xk, is such that the contribu- 
tions to the sum in the exponent is order one, 

i.e. = 0{yj^). In other words, the de- 

termination of the velocity within the time span 
At yields fluctuations 0{^J'^). The intrinsic 
'disorder' which might be interpreted as an ev- 
idence of the fractal structure of the trajectories 
represents the core of Quantum Physics for the 
canonical commutation relations would be lost 
with ^ — o(y^^). Furthermore, this non- 
differentiability of the trajectories is the source of 
the Ito calculus |Q in Quantum Mechanics. One 
expects that the velocity dependent interactions 
become more important for short time processes. 
Our goal is to see whether the concept of running 
coupling constant is meaningful in Quantum Me- 
chanics and it shows an enhancement for velocity 
dependent interactions at high energy or short 
time. 

Quantum Mechanics can formally be consid- 
ered as a lattice regulated Quantum Field Theory 
in 0-1-1 dimension with lattice spacing At. One 
finds that the transition amplitudes are not nec- 
essarily ultraviolet finite when velocity dependent 
interactions are present. The power counting ar- 



gument shows that the vertex (^)'*a;* is renor- 
malizable, i.e. its contributions do not become 
more and more ultraviolet singular in the higher 
orders of the perturbation expansion for d < 2 -I- s 
1^ . We shall find that some of the ultraviolet sin- 
gularities predicted by the simple power counting 
argument are curiously enough cancel in the sim- 
ple perturbation expansion and are only present 
when the expansion is made around non-static 
trajectories. This raises the question about the 
equivalence of the operator and the path inte- 
gral formalism. These questions will be consid- 
ered here in the framework of the perturbation 
expansion. 

The renormalization of Quantum Mechanics 
has already been discussed in the presence of sin- 
gular potential in Q|. Our motivation to look 
for the running coupling constant is different, the 
goal is now to understand the time dependence of 
the transition amplitude 



< x\e~T^*"\y >=< x\U{t)\y > = 
for general regular interaction | 
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2. RUNNING COUPLING CONSTANTS 

The running coupling constants, gdsit), are de- 
fined in the spirit of the Landau- Ginsburg expan- 
sion by 



S{x,y;t) =J29dsmx~yf{x + yy, 



(3) 



and they characterize the transition probabilities. 
The vector indices are suppressed here for the 
sake of simplicity. The coupling constants of the 
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lagrangian is gds = t~^gds after the separation of 
the time dimension due to the cut-off A = 27r/At 
and h. 

The behavior of these effective couphng con- 
stants is rather nontrivial even for a harmonic os- 
cillator. The running mass and frequency, given 

by 

m{t) = 2tg2o{t) = 
and 



8502 (t) 



tm{0)LUo{l + cosw(O)i) 
smuj{Q)t 

4 1 - co8uj{0)t 
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tm{t) t2l + cosw(0)t 

show periodicity in real time, a characteristic fca 
ture for equidistant energy spectrum. 



3. RENORMALIZATION 
EQUATION 



GROUP 



The renormalization group equation is given by 



The decimation consists of choosing ^1=^2 = 
t and the linearization of the resulting blocking 
transformation t ^ t' = 2t yields the tree level 
scaling law 



9ds{t') = 



2-d 



9dsit). 



(7) 



Thus the relevant or marginal pieces of the la- 
grangian are the kinetic energy, the vector and 
the scalar potential. Note that the vertices with 
2 < d < 2 + s are renormalizable and irrele- 
vant in the same time. This results from the loss 
of the relativistic invariance, i.e. the difference 
of the energy and the inverse time dimensions. 
In fact, the former controls the ultraviolet diver- 
gences while the latter is responsible for the scal- 
ing exponents when the blocking is made in the 
time direction. 

The one-loop evaluation of the differential 
renormalization group equation in the limit ^2 
gives the Schrodinger equation for the loga- 
rithm of the wave function. This method estab- 
lishes a transparent relation between the transi- 
tion amplitude, e"^''^'^^'^'*-', and the hamiltonian, 
H{t) = -^^lnU(t). 



4. OPERATOR ORDERING 
RENORMALIZATION 



AND 



Eq. (7) gives the cut-off independence of the 
mass for d = 2 and s — 0. Another less trivial 
implication of this equation is the requirement of 
the midpoint prescription for the vector potential. 
The lagrangian 



m I Axk 
'2[~Kf 



+ ^a(^^^^,A..], (8) 



generates gauge dependent amplitudes unless ij = 
||]. This quantum effect results from the 
marginality of the term Ax^ which gives the lead- 
ing order rj dependence of the path integral. 

Since the saddle point of the integral in the 
renormalization group is different for ti — t2 and 
ti t2 ^ the one-loop scaling relations might 
well be different for the lagrangian and the hamil- 
tonian. It turns out that the contribution to the 
renormalization group equations which is respon- 
sible for the midpoint prescription is logarithmi- 
cally divergent in the blocking but remain finite in 
the framework of the simple perturbation expan- 
sion or in the hamiltonian. In fact, the leading 
order 77 dependence of the path integral is pro- 
portional to M = AtJ2k < (^)^ >o, where 
< • • • >o stands for the free expectation value. 
Thus A4 — lA^^, where / is a linearly divergent 
loop integral, / — AA + BAlnA. In the expan- 
sion around a static trajectory or in the deriva- 
tion of the hamiltonian the logarithmic correction 
is absent. Thus the product Ai = -^^A is finite, 
in a manner which is reminiscent of the chiral 
anomaly. The perturbation expansion in the dec- 
imation is performed around a general, non-static 
trajectory with time scale. This scale lets the 
usual logarithmic corrections to appear. In an- 
other words, a graph with zero primitive degree 
of divergence happened to be finite in the expan- 
sion around the static trajectory. The hamilton 
formalism based on such expansion is well defined 
without the introduction of the ultraviolet cut- 
off. When the background trajectory is chosen to 
be non-static the logarithmic divergence appears 
and makes regularization necessary for the path 
integral. 
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The presence of the potentially divergent but 
actually finite graph is refiected in the operator 
ordering problem in Quantum Mechanics. The 
r] dependent vertices which are vanishing in the 
classical limit i.e. for differentiable trajectories 
survive the removal of the cut-off. This is in an 
apparent contradiction with the result of Ref. 
where the renormalization of the lattice regulated 
field theories was studied in the BPHZ scheme. 
The finiteness of A4 in the framework of the sim- 
ple perturbation expansion makes renormaliza- 
tion unnecessary but leaves a non-uniformly con- 
vergent loop integral in the theory. In the BPHZ 
program all graphs with nonpositive primitive de- 
gree of divergence are subtracted and the conver- 
gence of the manifestly convergent loop integrals 
is uniform. It remains to be seen whether the 
operator ordering problem can change the renor- 
malization properties in Quantum Field Theory. 

5. EFFECTIVE LOW ENERGY THEO- 
RIES 

The renormalization group flow makes possible 
to construct low energy effective models in Quan- 
tum Mechanics. According to the leading or- 
der perturbation expansion the action S{x, y; t) = 

'"^'^^"^^ — tU (x, y\ t) where the potential [/(x, j/; t) 
given by either 



V 



or 



1 



{d/2)\ \3inj 



d/2 



V 



generates the same hamiltonian, 



Zm 



(9) 



(10) 



(11) 



for small but finite t. The potential (10) does 
not follow the renormalized trajectory in the limit 
< — !■ and the perturbation expansion breaks 
down for small enough t. Thus the two potential 
contain the same relevant terms in the hamilto- 
nian continuum limit, (11). 



6. PATH INTEGRAL VERSUS OPERA- 
TOR FORMALISM 

The low energy effective models of Quantum 
Field Theory may contain non-renormalizable op- 
erators. In this manner the class of effective 
theories is larger than those of the fundamen- 
tal, i.e. renormalizable theories. For example 
the hadronic effective vertices which are described 
by multi-quark operators are certainly generated 
in low energy QCD but can not be explicitely 
present in the renormalizable QCD. Thus certain 
physically well motivated vertices of the low en- 
ergy theory can only be kept meaningful in cut-off 
theories. As we insist on the removal of the cut- 
off then these irrelevant operators must be elimi- 
nated from the bare lagrangian and they can only 
be generated dynamically. 

The effective model mentioned above shows the 
same features. The scalar potential in (9) is well 
defined for arbitrary values of the cut-off. The 
system (10) contains additional irrelevant terms 
which can not be obtained directly from a hamil- 
tonian which is given for Ai = 0. In this sense 
the cut-off version of Quantum Mechanics which 
is given by the path integral in terms of the tran- 
sition amplitudes for infinitesimal time is more 
general than the operator formalism where the 
equation of motion is a differential equation with 
the cut-off already removed. 
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